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[2111] Fundamental Study on the Application of Fracture
Mechanics to the Crack Propagation Analysis of Thermal
Stress Fields of Concrete

Denzil Lokuliyana* and Tada-aki Tanabe**

1.INTRODUCTION

In the case of mass concrete structures, there happen to be generated major cracks during even
construction, and sometimes at much later age of concrete ( i.e. 10 years and 20 years after the
completion of construction ). These cracks are mainly due to thermal heat which is produced by
hydration of fresh concrete. In the design of these type of structures thermal cracking is taken
into account in predicting both the ultimate load capacity and behavior in service conditions since
width, spacing and length of cracks have major influence on structural performance. Most of the
exsisting design codes are based on tensile strength approach and not on fracture mechanics. But it
is understood that the structures should be designed according to fracture mechanics when fracture
is considered.

However, fracture obviously cannot form if the tensile strength (peak stress) is not reached. So
the strength criterion is a necessary condition of fracture, but not a suffcient one. For the fracture
to form, the maximum principal stress must also reduce to zero and for this to happen the energy
characterizing the complete stress—strain curve must be supplied. Thus the strength criterion indicates
only whether the fracture can initiates, while the energy criterion indicates whether the fracture can
actually form or propagate. In this study cracking is modeled in continuous or smeared manner, and
fracture is treated as a propagation of smeared crack band through concrete[1].

With this fundamental idea, the crack propagation analysis is done and its applications to real
structures were discussed.

2.BASIC FRACTURE CRITERION FOR HETEROGENEOUS MATERIALS

In this analysis, heterogeneous materials are approximated by an equivalent homogeneous contin-
uum having the size equal to the size of several times of the maximum aggregate size[2]. Hence in finite
element analysis the element size is not taken as smaller than the size of this equivalent homogeneous
continuum. The crack propagation is treated as a band of parallel, densely distributed microcracks
having blunt crack front since the actual crack path in concrete is highly tortuous. Therefore, this
unknown crack band path is assumed to propagate to the element in which principal tensile stress is
the largest and sharing a side with the crack front element in finite element analysis.

The constitutive equation for the strain—softening zone(fracture process zone) is simply modeled
by changing isotropic elastic moduli matrix to an orthotropic matrix, by reducing the material stiffness
in the direction normal to the crack in the band.

Cartesian co-ordinates X , Y and Z are introduced with the cracks being assumed to be normal
to X axis. Assumed strains are small or linearized and the normal stress and strain components can
be written as
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3.1 Fracture Energy

{U} = {UIIJUDEI}T and {f} = {lefy,fz}’r (21)

where T is the transpose. Since in the geomaterials cracks usually occures in principal stress directions,
principal components of stresses and strains are taken into account.
The elaslic stress—strain relation for the normal components may then be written as

{”} = [Duc}{f} (2-2)

where [D,.] is the stiffness matrix for uncracked material. When the elastic material is intersected
by continuously parallel cracks normal to X axis, the stiflness matrix reduced to an orthotropic one,

[Dyr] [3] and stress-strain relation then can be written as

{o} = [Dyrl{e} (2.3)

This matrix [Dy,] gives stiffness matrix for fully cracked material derived by assuming €. of the
malerial between the cracks is unrelated to €, and €, and that the stress normal to the cracks must be
zero and assuming that the material between cracks behaves as an uncracked elastic material in a plain
stress state. This is a simplification because the material between the cracks becomes damaged by
discontinnous microcracks. Then Lhe compliance matrix for partial discontinuous microcracks takes

the form
Cup™' Ci2 Cis

[Cer ()] = Caz Cos (2.4)
sym. 033

where p[2] is Lhe cracking parameter which increases the strain e, and dicreases o . Then the stifTness
matrix for partially cracked concrete takes the form of

[Der(1)] = [Cer ()] (2.5)

Taking limil of s Lo zero, the stillness matrix for fully cracked material can be obtained as

[Dfr] = }‘i_f(') [Ccr(l‘)]—l (2-6)

3 ENERGY CONSIDERATION FOR FRACTURE PROPAGATION )

The fracture energy is defined here as the
energy consumed by crack formation per unit area
of the crack plane( Fig. 3.1).

By considering the bi-linear stress strain re-
lation, Lhe energy released per unit volurme when
concrete gets fully cracked can be written as

€x

<
/, we ~ Width of the crack band

W, = / opdey = %IF(CII —C'n) (3.1) be 7/
0

Aa ~ Crack length
Ay ~ Area of crack plane

Then the fracture energy can be calculated as,

Gy =wWy (3-2) Fig.3.1. (a). Energy released by cracking.
(b). Sudden stress drop.

where, w, is the width of the crack band. (c). Crack plane.

The value of the fracture energy is approximately predicted from the elementary characteristics
of concrele for the optimurmn fits of various fracture test data by various researchers and, recently CEB
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(Comite Euro-International du Beton) code draft sugested the appropiate Gy values. As an example
Bazant’s formula [2] was adopted and is defined as,

Gy = 0.1697(f, + 8.95) f,’d. / E (3.3)

In which, f, is the tensile strength in kgf/cm?, d, is the maximum aggregate size in mm, E is the
elastic modulus in kg f/cm? and Gy is the fracture energy in kgf — cm/cm?. At the same time, it is
discovered [2] that the optimum width for the crack band is 3d,. Then from equations (3.1) and (3.2)
the condition for the compliance C}, to be negative becomes,

2

Gy = Cyy — ifz <0 (3.4)
we f{

2G; _ 2G4E (35)

we < =
¢ T Cuft It

This gives the limiting value for the width of the crack band front. From equation ( 3.5 ), to
preserve the value of fracture energy the width of the fracture front can be changed by varying the
softening compliance and/or tensile strength. Hence for large structures for larger values of finite
element width a sudden stress drop with equivalent strength[2] can be used.

4. FORMULATIONS GOVERNING TITERMAL STRESS PROBLEMS
(a).

4.1 Change of Energy due to Crack Propagation

There are several methods to calculate the amount of en-
ergy released when crack propagates. One of these method is
that calculating the difference between total energy contained
in all elements of the structure before and after crack advance.
But, this method gives inconveniences in initial stress prob- A
lems. Therefore, the method which is tractable for the thermal
stress problems due to hydration heat is formulated and here {44 -~
utilizing the Rice’s [5] work. Consider a continuous body is pig. 4.1, (a). State before cracting.
externally loaded by surface traction T on its boundary Sr (b). Intermediate state.

as shown in T'ig.4.1(a). (c). State after cracking.

Let U?, c?j and D'?j denotes the displacements, strains and stresses in the state just before cracking
(Fig-4.1(a) ). Now let’s consider that cracking occures in volume AV under constant load T? creating a
new traction free surface AS (Tig.4.1(c)) . Let U;, €5 and o; denote the new values of displacements,

strains and stresses for this cracked state. Then the total potential energy for the state just before

cracking IT,. is,

Wer= 1/ o€l dv —/ TPU?ds (4.1)
2 Jy it .
while for the state after cracking Il., is
1 1 9 0
O, =y + Al = - D'gjf,'jdv + = Fegp“dv — T; U;ds (42)
2 Jv_av 2 Jav S

(Repeated indices imply summation over 7,5 = 1,2,3)

Since the body is assumed to be elastic, AIl is independent with path followed from uncracked
state to cracked state. Now let’s consider an intermediate state ( Fig.4.1(b) ) in which the volume
AV of the material is removed from the body, but surface traction AT; = 0;;°n;° are applied to the
newly formed surface AS in order to preserve initial state of deformation within the remaining part
of the body. Now the total potential energy for this intermediate state is then,

il
Him = —/ a,-joc,-]—odv + = Engozd'U —-/ T,'OU,'OdS (43)
V—-AV 2 AvV St
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Then from equations ( 4.1 ) and ( 4.3 ) the change of potential energy for the first transition ( i.e.
stale before cracking to intermediate state ) becomes,

1 2
AWl = —5 -/AV (0’,’,’06,'1'0 =3 Efgzo )d’U (44)
Subsequantly, the traction 7;, applied to the surface AS, is released to zero to reach the final

cracked state. Applying the hypothesis of conservation of energy to the second transition, it can be
equalized the total potential energy change within the total body to the work done by the traction

T;% on Sy and T; on AS, ie.,

1
3w —onteut [ (Ber® - B&v= [ 120 UPds+ g [ AT - Uf)as
2 V-av 2 AV St 2 AS

(4.5)
Then, from the equations (4.2) and (4.5)
1
All = —-/ (04;%€;° — Begs )dv+ l/ AT;(U; — UP)ds (4.6)
2 Jav 2 Jas )
Since the total change in potential energy is path independent,
All = AH]"lrnnsilion + AH2"‘iran:ition (47)

Now comparing equations ( 4.4 ),( 4.6 ) and ( 4.7 ) the 1** part of the equation ( 4.6 ) becomes
the energy released during 1°* transition and the 2"¢ part becomes for the 2"¢ transition, i.e. ,

1
AW, = —= / (04%4;° = Beas®)iv (4.8)
2 AV
AW, = = / AT (U; — UP)ds (4.9)
2 AS

and the total energy released during cracking now can be expressed as
All = AW, + AW, (410)

The force [, o ATids can be calculated as the surface traction forces which must be applied on
concrete within volume AV in order to equilibriate the stress changes Ao;; due to creation of crack
upon passing from the initial to the intermediate state. These changes of stresses are

Aoy = ‘7(1)1
E (4.11)
Aozy = 09, — Eedy = 1= {€S + v(eds +€2))} — Eed,

For initial strain problems due to temperature change, the relevant effective stresses and strains
should be substituted to the above equations.

4.2 Energy Crilerion for Crack Propagation
When the maximum principal tensile stress reaches the tensile strength, discontinuous microcracks
initiation is occured. But, still it is unknown whether the cracks can actually propagate to the next
element or not. This can be decided by the energy concept.
The totlal energy released by cracking is already explained in the previous section. It has two

components,
1. The elastic energy released by cracking (AW,)
2. The energy supplied by unloading of concrete between the cracks (AWs).
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Now the encrgy, externally supplied to the structure to extend the crack band by length Aa is

wrillen as
AU = GyAa— (AW + AW3) (4.12)

When AU > 0, then no crack extension occures, without supplying external energy to the sbruc-
ture, and so the crack band is stable and propagation will not occures. If AU < 0, no external energy
is requred Lo be supplied to the structure, and so the crack band is unstable and, propagation occures
in a dynamic manner. If AU = 0, no energy needs to be supplied and none is released, and the crack

band may propagale in a stalic manner.

5.ACCURACY OF TUE METHOD

H =] i1,

A centrally loaded, simply suppored plain B |!|[§ _i‘i i :
concrete beam ( Fig. 5.1 ) was analyzed for crack ) 'L'l’”"h B Ui v ‘ .
propagation. Bilinear stress—strain relation for 1 533.4 | 14.4 I
the fraclure process zone having the slope of Et= " '

—4.3 % 104k,gf/cm2 [2] for strain So[Lening curve Fig. 5.1. f:::f’g su!)parlcll centrally loaded plain concrele
1 having cenler crack al the peak load.

is used.
The value for the fracture energy was calculated from equation (3.3) and, finite element analysis

was done in the two dimensional stress field. When the applied load is reached the value of 640kg f
cracks are initiated at the center of the bottom fiber of the beam. The value of 20kgf/cm? was used
as Lhe tensile strength of concrete. From the criterion for fracture propagation, it was found that al
the same load cracks were propagated up to the top fiber and beam [ailed suddenly.

The value of peak load obtained was devialed 5% from the value obtained from simple bending
theory. From this simple analysis it was understood that the energy criterion works for [racture

propagalion. 5

Next, another plain concrele notched beam ( i 100
Fig.5.2 ) was analyzed for [racture energy. Com-
parision was done with the experimental work [4]
to determine the [racture energy of both fiber re-
inforced concrele and plain concrete structures. ]
The value obtained from the experiment [4] for N
the fracture energy was 76/N/m and the value
used in the analysis obtained [rom eq.(3.3) was
80N/m.The load dellection curve of the experi- 9
ment is shown with the calculated fracture val-

ucs.
The strucbure was analyzed using finite element method and the fracture propagalion was decided

by the fracture criterion. The value obtained for the peak load at which the notched beam suddenly
collapsed was agreed with the experimental resulls of [4].

Dt
T

| |a0 |

=

— Present study
~---Rel.(4)
Fig.5.2. Nolched beam.

o CECE) = ot 1)
Displacement #(mm)

6.ESTIMATION OF CRACK PROPAGATION IN MASSIVE CONCRETLE

A massive concrete sbructure shown in Iig.(6.1)
was analyzed for crack propagalion using the idea
of fracture energy and the crack band concept. A 2
block of hardened concrele (sizel5.5x5.0x1.5m) «
is carrying a block of [resh concrete (sizel5.5 X <
1.0 x 1.5m.) The bottom of the hardened con-
crete block is assumed Lo be rollar supported and
the interface between [resh and hardened concrele
blocks is assumed Lo be rigidly connected for the s ik ':O:L':::,,l,oi,:f’h concrele costed on hordencd
simplycily in the analysis. (8). Thwo — dimensional Finite Element Mesh.
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The thermal stress distribution was obtained for every 3 hours during 1st day, every 1/2 day up

to Tth day and every 7th day up to 28th day after the fresh concrete block is casted. The analysis was
done for two dimentional stress state. The change of Young’s modulas was derived from [6] (Fig.6.2)
for unit weight of concrete 300 kg/m3.

has compressive zone and the areas closer to the boundary has
tension zone. On the 7th day after casting the maximum prin-
cipal tensile stress is exceeded the tensile strength at a point
3m from both edges, and from the present theory it was found
that the cracks penetrated to a depth of 1 m, and then the
next crack was initiated at the center and penetrated up to kgt/crm?
1.5 m depth and stopped ( Fig.6.3 ). Cracking dates, penetra- 0o 5 1

x10)y—
40 T 3

From this analysis it was found that the centre of the body

w

E (kgf/cm?)
N
o

;) —_ [}
10t Ee = gorsrmstooamam; ¥ 101

15 20 25 30

tion and crack spacing obtained was very similar to the one Fig.6.2 AGE (day)

experimentally obtained.

7.CONCLUSION

g

The crack propagation in mass concrete structures was analyzed using the energy criterion of

i

'
i
e

Fig.6.3

fracture and smeared crack band concept.

It is known that the dissipated energy by the cracking can be calculated in two ways as follows.
i. Considering the total energy difference of the structure before and after the crack advanced.
ii. Taking the summation of the strain energy released by cracking and the work done by the
traction on the cracked surface when it is released to zero.
The first method of calculating energy however, can not be applied to a structure with initial

stresses due to hydration heat of cement. Hence the detailed derivation of formula for the second
method is performed.

With these preparations, a simply supported plain concrete beam was analyzed and the path

obtained was reasonable. The two-dimensional analysis done for thermal crack propagation in a mass
concrete structure has given reasonable results. A further extension can be done to analyze massive
concrete structures three-dimensionally.
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