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ABSTRACT: In this paper, robust and engineering oriented three dimensional reinforced concrete 
constitutive laws are formulated from the concept of equivalent continuum of lattice system in known strain 
field i.e. kinematic constraint.  Shear lattice is introduced in the system for transfer of interlocking shear 
stresses between the contact surfaces of adjacent concrete lattices.  A beam-column-slab assembly is then 
investigated applying the developed model. The calculation results show good agreement with the experiment. 
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1. INTRODUCTION 
 
     The lattice equivalent continuum model, hereafter LECM , has previously been developed and applied to 
two dimensional problems in reinforced concrete, and its analytical results showed good agreement with the 
experimental results for both static and time varying load [1]. However, three dimensional constitutive 
equation for concrete structures needs to be developed in order to analyze real behavior of concrete structures. 
In a previous paper [2], concept of three-dimensional approach to be taken in LECM was elaborated in detail 
from different constraints point of view and was applied to plain concrete. In this paper that concept is 
extended with the introduction of crack surface modeling by introducing shear lattices and its validity is tested 
for real three-dimensional reinforced concrete behavior by analyzing a beam-slab-column assembly.  
 
 
2.   FORMULATION OF THE CONSTITUTIVE EQUATION 
 
   In the formulation for constitutive laws of concrete in LECM , reinforced concrete is assumed as cracked 
and composed of steel and concrete lattices. The stresses and direction of the steel lattices are those of 
reinforcing steel itself, while crack directions in concrete, which in turn fixed by principal stresses, determine 
concrete lattices and their orientation. Although formulation is based on cracked reinforced concrete, it can 
easily be extended to un-cracked reinforced and plain concrete as well.  
 
   We begin assuming uniformly strained 3D continuum as shown in Fig.1(a), strain of which read in the 
global coordinate, 
 

                                                     { } T
zxyzxyzyxg ][ γγγεεεε =                                            (1)  

 
The strain in a lattice member in this strain field is assumed to be identical with the strain of Eqn.(1). 
Therefore, for an inclined member of lattice for which local coordinate ),,( ζηξ is taken such that ξ  

coordinate coincide with lattice axis, lattice strain ξε reads, 
 

                                              { } { }glnnmmlnml εεξ ][ 222=                                                 
 
Where l, m and n are directions cosines of the lattice direction with respect to x, y and z axis as   shown in 
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Fig.1(b).  If n number of lattices exists in the continuum we can write, 
  

                                                                                             
where,[ ]εL  is the matrix to transform stress from  global to local coordinate considering ‘n’ number of lattices. 
Multiplying strains with stiffness of each lattice, the incremental stresses of the replaced continuum can be 
evaluated as,  
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where, liliir εσ ∂∂= / , denotes the tangential stiffness of Individual lattices. Continuum local stresses 
transformed to global coordinate has the following form:  
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which can be written as,  
 

                                      { } [ ] { } [ ] [ ][ ]{ }g
T

l
T

g LRLL εσσ εεε ==  
                       
                                                        or     , { } [ ]{ }gg D εσ =  
 

 where,                                                [ ] [ ] [ ][ ]εε LRLD T=                                                                                                                                   
 

(a) Uniform Lattice (b) Local Coordinate in a Lattice Unit 

Fig.1 Lattice in Uniform Strain Field 
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Eq.7 is the general form of the constitutive matrix for lattice equivalent continuum based on kinematic 
constraint. For the implementation of the form to reinforced concrete, it is necessary to evaluate crack 
occurrence. Once the crack is detected, continuum constitutive equation is transformed into the form of Eq.7. 
In this study, failure surface proposed by Kang and Willam [3] is used as the criteria for crack occurrence. The 
curvilinear failure envelope, according to their proposed formulation, is a function of the three stress 
invariants I1,J2 and J3 and is expressed as: 
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In this work, eventual failure stress of any principal stress or lattice direction is taken as the one, which is 
achieved by decreasing (for tension, increasing) it up to failure surface (i.e. Eq. 8 ) while keeping other two 
stresses fixed. If ( 321 ,, σσσ ) represent stress state of the current loading step in numerical computation. 

( 321 ,, pσσσ ) which lies in the failure surface, is achieved by changing stress parallel to 3σ  direction. In the 

following step of numerical computation, 3pσ  represent the failure stress to compare with for cracking in that 
direction. Same procedure is applied for evaluating eventual peak stresses in other two directions. Upon 
detection of cracking, continuum equation transfers from elastic to lattice equivalent continuum with Eq. 7 
being the governing equation.  
 
 
3. MODELING CRACK SURFACE IN TERMS OF SHEAR LATTICE 
 
 
 
 
 
 
 
 
 
 
 
                                                                                                                                      

                                       
 
                                 
 
                                                                                               Shear Lattice plane containing ηξ −  axis    

                            
                                  Fig.2 Crack Surface and Shear Lattice Modeling  

 
The 3D formulation developed herein decomposes the incremental strain { }ε∆  into the uncracked or 

elastic strains { }eε∆  and the crack strain { }crε∆ . Four lattices are introduced for one cracked plane surface at 
a sampling point to transfer the cracked portion of the total strain in the concept of interlocking between 
adjacent faces. However, due to the limited volumetric characteristics in interlocking region in a cracked face, 
a modification factor, in the name of shear controlling matrix [ ]Ω  is introduced in the system. Therefore, we 
get, from crack strain, 
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{ } [ ]{ } { }T

cr
T

ecr 000)( ηςξηηςξηςξηςηξ γγεγγγεεεεε ∆∆∆=∆∆∆∆−∆∆Ω=∆  (9)  
 
Two lattices are introduced in each of the local coordinate direction parallel to the cracked plane as shown in 
Fig. 2. Among these two, the lattice that is activated to bear the stresses depends on the negative or positive 
traction direction as shown in Fig 2. Now, incremental stresses in the shear lattice direction of S1 and S2 (in 
plane ηξ − ) and S3 and S4 (in plane ςη − , not shown in the figure) can be evaluated using following 
relation: 
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where, [ ]4,3,2,1, SSSSTε  is the matrix to transform incremental strain from local direction to shear lattice 
direction. Multiplying that incremental strain with tangent stiffness modulus of individual lattices, we derive 
the stress increment in shear lattices. Direction of shear lattice depends the angle of the protruding elements of 
the rough surface i.e. θ  , as shown in Fig.2.  and  11 / sssiE εσ ∂∂=  is the tangent elastic modulus from 
uniaxial stress strain relation of individual shear lattices. Local stress increment can be evaluated using the 
following relation: 
 

                                     [ ] [ ][ ] { }slSSSSl T σσ σ ∆Ω= −1
4,3,2,1,  

 
Therefore, we get, constitutive matrix for shear lattice to be: 
 

                                     [ ] [ ] [ ] [ ]εξηζσ TDTD shearXYZshear
1−=  

 
where [ ]σT  and [ ]εT  are transformation matrix, and  
   

                   [ ] [ ][ ] [ ][ ][ ]ΩΩ= −
4,3,2,1,,

1
4,3,2,1, SSSSunishearSSSSshear TDTD εσξης

 
                                                                                              
Therefore, the completed constitutive law for single crack in a sampling point, 
 

                               [ ] [ ] [ ] [ ] [ ]εξηζσ TDTDD shearmaintotal
1−+=  

 
For n number of cracks in a sampling point, we get, the final form of constitutive matrix in LECM for 
reinforced concrete: 
 

                              [ ] [ ] [ ] [ ] [ ]∑ −+=
n

i
iishearimaintotal TDTDD εξηζσ

1  

Eq.15 denotes the completed constitutive matrix for reinforced concrete in LECM. 
 
 
4. NUMERICAL INVESTIGATION 
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Fig.3 Beam-Column-Slab Specimen 

 
Table 1 : Steel Material Properties 

 
Bar Size fsy (MPa) 

suε  fsu (MPa) 
suε  

#4 531 .00256 752 .0146 
#6 414 .00214 635 .0121 
#8 483 .00241 717 .0124 

 
    An exterior beam-column-slab assembly [4] is analyzed using the proposed formulation. Details of the 
geometry   and    reinforcement are    shown in Fig.3.  During testing, an   axial compression  of 178KN   was 
maintained  on  the  column,  and the  free  end  of   the  longitudinal  beam was  subjected to  reversed  cyclic  
of increasing amplitude up to failure to simulate earthquake -type loading. The FE mesh used in the analysis is 
shown in Fig 4 and is composed of 344 eight-noded solid elements totaling 619 nodes to model half of the test 
specimen. Fig 4 also shows the upward exaggerated deflection of the pattern of the slab assembly. An extra 
layer of elements with artificially assigned high strength was added to the end of the longitudinal beam to 
facilitate the application of displacements (loading) during analyses. Restraining the vertical displacements of 
the column centerline nodes mechanical hinges were simulated at the top and bottom of the column. For 
concrete, fc and f t  values are taken as 45.2 and 4.97 MPa, while, E and Gf values are taken as 38.3Gpa and 300 
N/m, respectively. Steel material properties are shown on Table 1. One fourth model is proposed by Rokugo 
et al. is used to model tension behavior of concrete except in heavily reinforced  region, where tension 
stiffening model is used. Two analyses were conducted considering upward and download monotonic 
displacement of the free end of the longitudinal beam while the column was subjected to an axial compression 
of 178 KN. The column load, modeled as uniformly distributed over the elements of its top end, was applied 
first. Then the top nodes of the protruded elements at the free end of the beam were displaced incrementally 
and the corresponding reactions were computed as the applied force. The result of the slab end load 
displacements for the upward loading (UL) and downward loading (DL) cases are compared with the 
envelopes of the  experimental results along  with the magnified deflected shape is shown in Fig.5. As can be  
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                                                                                     Fig. 5 Comparison of Slab End Load vs. Disp. 
 
 
seen from the figure, analyses results show good agreement with the experimental ones.  For upward loading 
case, it can be seen that analysis  result is around  10% higher  than that of experimental  results.  This higher 
strength may be due degradation of concrete under the actual cyclic load which was not considered in the 
analysis. 
 
 
5. CONCLUSION 
 

The three dimensional constitutive laws for reinforced concrete based on LECM are formulated and 
presented in this paper.  From the example shown in this paper, it can be concluded that lattice equivalent 
continuum method can effective predict the behavior of structures in three dimension.  
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Fig.4 Finite element mesh with deflection 
           pattern for upward load 
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